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EXTENDING HOLOMORPHIC MAPPINGS FROM
SUBVARIETIES IN STEIN MANIFOLDS
FRANC FORSTNERICˇ
Abstract. Suppose that Y is a complex manifold such that any holo-
morphic map from a compact convex set in a Euclidean space Cn to
Y is a uniform limit of entire maps Cn → Y . We prove that a holo-
morphic map X0 → Y from a closed complex subvariety X0 in a Stein
manifold X admits a holomorphic extension X → Y provided that it
admits a continuous extension. We then establish the equivalence of
four Oka-type properties of a complex manifold.
1. Introduction
We shall say that a complex manifold Y satisfies the convex approximation
property (CAP) if every holomorphic map f : U → Y from an open set
U ⊂ Cn (n ∈ N) can be approximated uniformly on any compact convex
set K ⊂ U by entire maps Cn → Y . This Runge type approximation
property was first introduced in [13] where it was shown that it implies,
and hence is equivalent to, the classic Oka property of Y (see corollary 1.3
below; in the definition of CAP we may even restrict to a certain special
class of compact convex sets). The main result of this paper is that CAP
also implies the universal extendability of holomorphic maps from closed
complex subvarieties in Stein manifolds.
Theorem 1.1. Assume that Y is a complex manifold satisfying CAP. For
any closed complex subvariety X0 in a Stein manifold X and any continuous
map f0 : X → Y such that f0|X0 : X0 → Y is holomorphic there is a homo-
topy ft : X → Y (t ∈ [0, 1]) which is fixed on X0 such that f1 is holomorphic
on X. The analogous conclusion holds for sections of any holomorphic fiber
bundle with fiber Y over a Stein manifold.
We shall say that a complex manifold Y satisfying the conclusion of the-
orem 1.1 for all data (X,X0, f0) enjoys the Oka property with interpolation.
The conclusion of theorem 1.1 has been proved earlier under any of the
following assumptions (from strongest to weakest):
— Y is complex homogeneous (Grauert [18], [19], [20]);
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— Y admits a dominating spray ([21], [17]); such Y is said to be elliptic;
— Y admits a finite dominating family of sprays [9]; such Y is said to
be subelliptic.
Each of the above conditions implies CAP (see the h-Runge theorems proved
in [9], [15], [21]). The converse implication CAP⇒subellipticity is not known
in general, and there are cases when CAP is known to hold but the existence
of a dominating spray (or a dominating family of sprays) is unclear; see
corollary 6.2 below and the examples in [13] and [14].
Our proof shows without any additional work that the homotopy {ft} in
theorem 1.1 can be chosen to remain holomorphic and uniformly close to f0
on any compact H(X)-convex (holomorphically convex) subset K ⊂ X on
which the initial map f0 is holomorphic (compare with Theorem 1.4 in [17]).
However, using an idea of La´russon (Theorem 1 in [29]) we show that this
addition, as well as the jet interpolation on complex subvarieties, follows
automatically (and rather easily) from the Oka property with interpolation.
Proposition 1.2. Assume that a complex manifold Y enjoys the Oka prop-
erty with interpolation (the conclusion of theorem 1.1). Let d be a distance
function on Y induced by a Riemannian metric. Let X be a Stein manifold,
X0 ⊂ X a closed complex subvariety, K a compact H(X)-convex subset of
X, and f0 : X → Y a continuous map which is holomorphic in an open set
containing K ∪X0.
For every s ∈ N and ǫ > 0 there are a neighborhood U ⊂ X of K∪X0 and a
homotopy ft : X → Y (t ∈ [0, 1]) such that for every t ∈ [0, 1], ft is holomor-
phic in U , it agrees with f0 to order s on X0, and supx∈K d(ft(x), f0(x)) < ǫ.
Proposition 1.2, proved in §5, easily reduces to the case Y = Cr where
it follows from Cartan’s theorems A and B. The analogous result holds for
sections of holomorphic fiber bundles over Stein manifolds (remark 5.2).
We shall say that a complex manifold Y satisfying the conclusion of propo-
sition 1.2 for any (X,X0,K, f0) enjoys theOka property with jet interpolation
and approximation. Deleting the interpolation (i.e., taking X0 = ∅) we get
the Oka property with approximation. Summarizing the above results we see
that these ostensibly different Oka-type properties are equivalent.
Corollary 1.3. The following properties of a complex manifold are equiva-
lent:
(a) the convex approximation property (CAP);
(b) the Oka property with approximation;
(c) the Oka property with interpolation;
(d) the Oka property with jet interpolation and approximation.
The analogous equivalences holds for the parametric versions of these
Oka properties (theorem 6.1). The conditions in corollary 1.3 are implied by
ellipticity (the existence of a dominating spray; [21], [15]) and are equivalent
to it on Stein manifolds (Proposition 1.3 in [17]).
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The equivalence (a)⇔(b) in corollary 1.3 was proved in [13], (a)⇒(c) is
the content of theorem 1.1, (c)⇒(d) is proposition 1.2, and the remain-
ing implications (d)⇒(b) and (d)⇒(c) are consequences of definitions. For
(d)⇒(c) we must observe that a holomorphic map X0 → Y from a Stein
subvariety X0 of a complex manifold X to any complex manifold Y admits
a holomorphic extension to an open neighborhood of X0 in X (Proposition
1.2 in [17]).
In §2 we prove an extension of a theorem of Siu [33] on the existence of
open Stein neighborhoods of Stein subvarieties. This is used to obtain an
approximation-interpolation theorem (§3) which is needed in the proof of
theorem 1.1 (§4). We hope that both these results will be of independent
interest. Proposition 1.2 is proved in §5. In §6 we discuss the analogous
equivalences for the parametric Oka properties.
2. An extension of a theorem of Siu
All complex spaces in this paper are assumed to be reduced and para-
compact. We denote by H(X) the algebra of all holomorphic functions on a
complex space X, endowed with the compact-open topology. A function (or
a map) is said to be holomorphic on a compact set K in X if it is holomor-
phic in an open set U ⊂ X containing K; a homotopy {ft} is holomorphic
on K if there is a neighborhood U of K independent of t such that every ft is
holomorphic on U . A compact subset K in a Stein space X is H(X)-convex
if for any p ∈ X\K there exists f ∈ H(X) with |f(p)| > supK |f |. If K is
contained in a closed complex subvariety X0 of X then K is H(X0)-convex
if and only if it is H(X)-convex. (For the theory of Stein manifolds and
Stein spaces we refer to [22] and [25].)
The following result generalizes a theorem of Siu [33] (1976).
Theorem 2.1. Let X0 be a closed Stein subvariety in a complex space X.
Assume that K ⊂ X is a compact set which is H(Ω)-convex in some open
Stein set Ω ⊂ X containing K and such that K∩X0 is H(X0)-convex. Then
K ∪X0 has a fundamental basis of open Stein neighborhoods in X.
Siu’s theorem [33] corresponds to the case K = ∅, the conclusion being
that every closed Stein subvariety in a complex space admits an open Stein
neighborhood. Different proofs of Siu’s theorem were given independently
by Colt¸oiu [4] and Demailly [6] in 1990. If X is Stein and K ⊂ X is H(X)-
convex then X0∪K admits a basis of Stein neighborhoods which are Runge
in X (Proposition 2.1 in [5]). It seems that under the weaker condition on
K in theorem 2.1 the result is new even when X is Stein. The necessity
of H(X0)-convexity of K ∩ X0 is seen by taking X = C
2, X0 = C × {0},
and K = {(z, w) ∈ C2 : 1 ≤ |z| ≤ 2, |w| ≤ 1}: In this case every Stein
neighborhood of K ∪X0 contains the bidisc {(z, w) : |z| ≤ 2, |w| ≤ 1}. (I
wish to thank N. Øvrelid for this remark.)
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Proof. We adapt Demailly’s proof of Theorem 1 in [6], refering to that paper
(or to [32]) for the notion of a strongly plurisubharmonic function on a
complex space with singularities. (The proof of Colt¸oiu [4] is very similar
and covers also the more general case when X0 is a complete pluripolar set.)
Although we only need the special case of theorem 2.1 where X is without
singularities, the general case does not require any additional effort.
Let U ⊂ X be an open set containing M := K ∪ X0. We shall find an
open Stein set V in X with M ⊂ V ⊂ U .
By the assumption K is H(Ω)-convex in an open Stein set Ω ⊂ X. Hence
K has a basis of open Stein neighborhoods, and replacing Ω by one of them
we may assume that Ω ⊂ U .
Since K0 := K ∩ X0 is assumed to be H(X0)-convex, it has a compact
H(X0)-convex neighborhood K
′
0 in X0 which is contained in Ω. Choose a
compact neighborhood K ′ of K such that K ′ ⊂ Ω and K ′ ∩X0 = K
′
0.
Since K is H(Ω)-convex, there is a smooth strongly plurisubharmonic
function ρ0 on Ω such that ρ0 < 0 on K and ρ0 > 1 on Ω\K
′ (Theorem
5.1.5 in [25], p. 117). Set Uc = {x ∈ Ω: ρ0(x) < c}. Fix c ∈ (0, 1/2); then
K ⊂ Uc ⊂ U2c ⊂ K
′.
The restriction ρ0|X0∩Ω is smooth strongly plurisubharmonic. Since the
set K ′0 = K
′∩X0 is assumed to be H(X0)-convex, there is a smooth strongly
plurisubharmonic exhaustion function ρ′0 : X0 → R which agrees with ρ0 on
K ′0 and satisfies ρ
′
0 > c on X0\U c. (To obtain such ρ
′
0, take a smooth
strongly plurisubharmonic exhaustion function τ : X0 → R such that τ < 0
on K ′0 and τ > 1 on X0\Ω; also choose a smooth convex increasing function
ξ : R → R+ with ξ(t) = 0 for t ≤ 0, and a smooth function χ : X → [0, 1]
such that χ = 1 on {x ∈ X0 : τ(x) ≤ 1/2} and χ = 0 on {x ∈ X0 : τ(x) ≥ 1};
the function ρ′0 = χρ0 + ξ ◦ τ satisfies the stated properties provided that
ξ(t) is chosen to grow sufficiently fast for t > 0.) Let ρ˜0 : K
′ ∪X0 → R be
defined by the conditions ρ˜0|K ′ = ρ0|K ′ and ρ˜0|X0 = ρ
′
0.
Choose a smooth convex increasing function h : R→ R satisfying h(t) ≥ t
for all t ∈ R, h(t) = t for t ≤ c, and h(t) > t + 1 for t ≥ 2c. The
function ρ1 := h ◦ ρ˜0 is smooth strongly plurisubharmonic on K
′ ∪X0; on
the set U c = {ρ0 ≤ c} we have ρ1 = ρ˜0 = ρ0, while outside of U2c we have
ρ1 > ρ˜0 + 1.
By Theorem 4 in [6], applied to (ρ1−1)|X0 , there exists a smooth strongly
plurisubharmonic function ρ2 in an open neighborhood of X0, satisfying
ρ1(x)− 1 < ρ2(x) < ρ1(x), x ∈ X0.
On a small neighborhood of U c ∩ X0 = {x ∈ X0 : ρ˜0(x) ≤ c} we have
ρ2 < ρ1 = ρ˜0, while on X0\U2c we have ρ2 > ρ1 − 1 > ρ˜0. It follows that
the function
ρ = max{ρ˜0, ρ2}
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is well defined and strongly plurisubharmonic in an open set W ⊂ X satis-
fying U c∪X0 ⊂W ⊂ U . (To see this, observe that the union of the domains
of ρ˜0 and ρ2 contains a neighborhood of U c ∪X0, and before running out of
the domain of one of these two functions, the second function is the larger
one and hence takes over.) After shrinking W around the set Uc ∪X0 the
function ρ satisfies the following properties:
(i) ρ = ρ˜0 = ρ0 on U c (hence ρ < 0 on K),
(ii) ρ > c on W\U c, and
(iii) ρ = ρ2 on W\U2c.
Using the smooth version of the maximum operation as in [6] we may also
insure that ρ is smooth. After a further shrinking of W we may assume
that ρ is a strongly plurisubharmonic exhaustion funtion on W ⊃ U c ∪X0
satisfying ρ > c on bW . (However, ρ is not an exhaustion function on W .)
The set L = {x ∈ W : ρ(x) ≤ 0} is then compact and contains K in its
interior.
By Lemma 5 in [6] (see also [31]) there is a smooth function v on X\X0
with a logarithmic pole on X0 = {v = −∞} whose Levi form i∂∂v is
bounded on every compact subset of X (such v is said to be almost plurisub-
harmonic; this notion is defined on a complex space by considering local
ambient extensions as in [32]). By subtracting a constant from v we may
assume that v < 0 on K.
Let g : R → R be a convex increasing function with g(t) = t for t ≤ 0.
For a small ǫ > 0 (to be specified below) we set
ρ˜ = ǫ v + g ◦ ρ, V = {x ∈W : ρ˜(x) < 0}.
Clearly ρ˜|X0 = −∞ and hence X0 ⊂ V . Furthermore, both summands are
negative on K and hence K ⊂ V , so V is an open neighborhood of K ∪X0
contained in W .
To complete the proof we show that V is Stein for a suitable choice of ǫ
and g. On L = {ρ ≤ 0} we have g◦ρ = ρ which is strongly plurisubharmonic;
since the Levi form of v is bounded on L, ρ˜ is strongly plurisubharmonic on L
for a sufficiently small ǫ > 0. Fix such ǫ. By choosing g to grow sufficiently
fast on (0,+∞) we can insure that ρ˜ is strongly plurisubharmonic on W
(since the positive Levi form of g ◦ ρ can be made sufficiently large in order
to compensate the bounded negative part of the Levi form of ǫv on each
compact in W ). Furthermore, a sufficiently fast growth of g insures that
ρ˜|bW > 0 and hence V ⊂W .
Let τ : (−∞, 0) → R be a smooth convex increasing function such that
τ(t) = 0 for t ≤ −3 and τ(t) = −1/t for t ∈ (−1, 0). Then ψ = ρ+ τ ◦ ρ˜ is a
strongly plurisubharmonic exhaustion function on V , and hence V is Stein
by Narasimhan’s theorem [30]. 
Remark 2.2. The proof of theorem 2.1 applies also if X0 is a closed Stein
subvariety of X\L for some compact subset L ⊂ IntK, provided that the set
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K∩X0 (which is no longer compact) is H(X0)-convex and K is H(Ω)-convex
in an open Stein neighborhood Ω ⊂ X. For example, ifX0 is a complex curve
in X (possibly with singularities and with some boundary components in K)
such that X0\K does not contain any irreducible component with compact
X0-closure then K ∪ X0 admits a basis of Stein neigborhoods in X. An
example is obtained by attaching to the solid torus
K = {(z, w) ∈ C2 : 1 ≤ |z| ≤ 2, |w| ≤ 1}
finitely many punctured discs△∗j = {(z, bj) : |z| <
3
2 , z 6= aj} where |aj | < 1,
|bj| < 1 and the numbers bj are distinct — the set K ∪ (∪j△
∗
j ) has a basis
of Stein neighborhoods (apply theorem 2.1 with X = C2\ ∪j {(aj , bj)}).
The analogous conclusion holds if we attach to K finitely many irreducible
complex curves Vj with at least one point removed from each Vj in the
complement of K. On the other hand, attaching to K a non-punctured disc
one obtains a Hartogs figure without a basis of Stein neighborhoods.
3. An approximation–interpolation theorem
We shall need the following result whose proof relies on theorem 2.1.
Theorem 3.1. Assume that X is a Stein manifold, X0 ⊂ X a closed com-
plex subvariety, K ⊂ X a compact H(X)-convex set and U ⊂ X an open
set containing K. Let Y be a complex manifold with a distance function d
induced by a Riemannian metric. If f : U ∪X0 → Y is a map whose restric-
tions f |U and f |X0 are holomorphic then for every ǫ > 0 there exist an open
set V ⊂ X containing K ∪X0 and a holomorphic map f˜ : V → Y such that
f˜ |X0 = f |X0 and supx∈K d(f˜(x), f(x)) < ǫ. The analogous result holds for
sections of a holomorphic submersion Z → X.
Remark 3.2. Theorem 3.1 holds without any condition whatsoever on the
target manifold Y ; however, the domain of f˜ will in general depend on ǫ. Our
proof gives the analogous result for families of maps depending continuously
on a parameter in a compact Hausdorff space, except that the domains of
the approximating maps f˜ must be restricted to a fixed (but arbitrary large)
compact in X; this suffices for the application to the parametric analogue
of theorem 1.1.
Proof. In the case Y = C the theorem is well known and follows from Car-
tan’s theorems A and B: The function f |X0 : X0 → C admits a holomorphic
extension φ : X → C; on U (which we may assume to be Stein and relatively
compact in X) can write f = φ+
∑m
j=1 gjhj where the functions hj ∈ H(X)
vanish on X0 and generate the ideal sheaf of X0 over U , and gj ∈ H(U);
approximating gj uniformly on K by g˜j ∈ H(X) and taking f˜ = φ+
∑
g˜jhj
completes the proof.
To prove the general case we take Z = X × Y and let π : Z → X be
the projection (x, z) → x. Write F (x) = (x, f(x)). The set Z0 = {F (x) ∈
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Z : x ∈ X0} is a closed complex subvariety of Z which is biholomorphic to
X0 (via F ) and hence is Stein. We may assume that the open set U ⊂ X in
theorem 3.1 is Stein and K is H(U)-convex. The set U˜ = {F (x) : x ∈ U} is
a closed Stein submanifold of Z|U = π
−1(U) and hence it has an open Stein
neighborhood Ω ⊂ Z|U .
Since K is H(U)-convex, the set K˜ = {F (x) : x ∈ K} is H(U˜)-convex
and hence H(Ω)-convex. Furthermore, K˜ ∩ Z0 = {F (x) : x ∈ K ∩ X0} is
H(Z0)-convex since K ∩X0 is H(X0)-convex. Theorem 2.1 now shows that
K˜ ∪Z0 has an open Stein neighborhood W ⊂ Z. Choose a proper holomor-
phic embedding φ : W → Cr. By the special case considered above there is a
holomorphic mapG : X → Cr such thatG|X0 = φ◦F |X0 andG approximates
φ◦F on a compact neighborhood of K in X. Let ι denote a holomorphic re-
traction of a neighborhood of φ(W ) in Cr onto φ(W ) (Docquier and Grauert
[7]). The map F˜ = φ−1 ◦ ι ◦ G (with values in Z) is then holomorphic in
an open neighborhood V ⊂ X of K ∪X0, it approximates F uniformly on
K and satisfies F˜ |X0 = F |X0 . Writing F˜ (x) = (a(x), f˜ (x)) ∈ X × Y we see
that the second component f˜ satisfies the conclusion of theorem 2.1.
Our proof holds for sections of any holomorphic submersion π : Z → X;
when Z does not have a product structure, the point F˜ (x) ∈ Z must be
projected back to the fiber Zx = π
−1(x) in order to obtain a bona fide section
of π : Z → X. This is accomplished by applying to F˜ (x) a holomorphic
retraction onto Zx which depends holomorphically on the base point x ∈ V
(Lemma 3.4 in [12]). 
4. Proof of theorem 1.1
The proof which we present requires minimal improvements of the exist-
ing tools, thanks to the new theorem 3.1 which provides a local holomorphic
extension of a map constructed in an inductive step. Another possibility
would be to adapt the proof of Theorem 1.4 in [17] (via Lemma 3.3 and
Proposition 4.2 in [17]) to our current situation, thus proving directly that
CAP implies the Oka property with jet interpolation and approximation
(the implication (a)⇒(d) in corollary 1.3). However, since (c)⇒(d) in corol-
lary 1.3 is quite easy, the latter approach (which seems to require more
substantial modifications) appears less attractive.
The main step is provided by the following.
Proposition 4.1. Let f0 : X → Y and K,X0 ⊂ X be as in theorem 1.1, and
let L ⊂ X be a compact H(X)-convex set with K ⊂ IntL. For every ǫ > 0
there exists a homotopy fs : X → Y (s ∈ [0, 1]) satisfying the following:
(i) fs|X0 = f0|X0 for every s ∈ [0, 1],
(ii) supx∈K d(fs(x), f0(x)) < ǫ for every s ∈ [0, 1], and
(iii) f1 is holomorphic on L.
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Since X is exhausted by a sequence of compact H(X)-convex subsets
K = K0 ⊂ K1 ⊂ K2 ⊂ . . ., theorem 1.1 follows from proposition 4.1 by an
obvious induction.
The remainder of this section is devoted to the proof of proposition 4.1.
We may assume that L = {x ∈ X : ρ(x) ≤ 0} where ρ : X → R is a smooth
strongly plurisubharmonic exhaustion function on X, ρ|K < 0, and 0 is a
regular value of ρ. By theorem 3.1 we may assume that the map f0 in
proposition 4.1 is holomorphic in an open set U ⊂ X containing K ∪X0.
A homotopy satisfying proposition 4.1 is obtained by the bumping method
introduced by Grauert in the 1960’s to solve ∂-problems [23]. To our knowl-
edge this method was first used in the Oka-Grauert theory by Henkin and
Leiterer in an unpublished preprint (1986) on which the paper [24] is based.
(In these papers the target manifold Y was assumed to be complex homoge-
neous.) Subsequently it has been used in most recent works on the subject.
The interpolation requirement presents additional difficulties. It seems that
the first such result (besides those of Grauert) is Theorem 1.7 in [16]; its
proof depends on a geometric construction (Lemma 8.4 in [16]) which can-
not be used directly in our situation since it does not insure convexity of the
bumps.
The general outline of the bumping method suitable to our current needs
can be found in §6 of [10] and in §4 of [12]. The geometric situation con-
sidered here is precisely the same as in §6.5 of [10] where it was used in the
construction of holomorphic submersions X → Cq with interpolation on a
subvariety X0 ⊂ X. To avoid repetition as much as possible we shall outline
the proof (with necessary modifications) and refer to §6 of [10] and to [13]
for further details where appropriate.
We recall the geometric setup in [10] (p. 179); our current notation is
harmonized with that in [10]. The compact set K ′ := (K ∪X0)∩{ρ ≤ 1} ⊂
U is H(X)-convex; hence there exists a smooth strongly plurisubharmonic
exhaustion function τ : X → R such that τ < 0 on K ′ and τ > 0 on X\U .
We may assume that 0 is a regular value of τ and the hypersurfaces {ρ =
0} = bL and {τ = 0} intersect transversely along the real codimension two
submanifold S = {ρ = 0}∩{τ = 0}. HenceD0 := {τ ≤ 0} ⊂ U is a smoothly
bounded strongly pseudoconvex domain. Set ρt = τ+t(ρ−τ) = (1−t)τ+tρ
and
Dt = {ρt ≤ 0} = {τ ≤ t(τ − ρ)}, t ∈ [0, 1].
We have D0 = {τ ≤ 0}, D1 = {ρ ≤ 0} = L and D0 ∩ D1 ⊂ Dt for all
t ∈ [0, 1]. Let
Ω = {ρ < 0, τ > 0} ⊂ D1\D0 and Ω
′ = {ρ > 0, τ < 0} ⊂ D0\D1.
As t increases from 0 to 1, Dt ∩ L increases to D1 = L while Dt\L ⊂ D0
decrease to ∅. All hypersurfaces {ρt = 0} = bDt intersect along S = {ρ =
0} ∩ {τ = 0}. Since dρt = (1 − t)dτ + tdρ and the differentials dτ , dρ are
linearly independent along S, bDt is smooth near S. Finally, ρt is strongly
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plurisubharmonic and hence Dt is strongly pseudoconvex at every smooth
boundary point for every t ∈ [0, 1].
We find a homotopy satisfying proposition 4.1 by a sequence of finitely
many localized steps. Fix two nearby values of the parameter, say 0 ≤
t0 < t1 ≤ 1. Consider first the case that all boundaries bDt for t ∈ [t0, t1]
are smooth. Then Dt1 is obtained from Dt0 by attaching finitely many
small convex bumps of the type described in [10] (disjoint from X0) and
intersecting the union with the set Dt1 . Here ‘small convex’ refers to a
suitable local holomorphic coordinate system on X. At every step we have
a map X → Y which is holomorphic on a certain compact set A obtained
from Dt0 by the previous attachments of bumps; the goal of the step is to
obtain a new map which is holomorphic on A ∪ B (where B is the next
convex bump), approximates the given map uniformly on A and agrees with
it on X0. The pair (A,B) is chosen such that C = A ∩ B is convex in
some local holomorphic coordinates in a neighborhood of B in X, A ∪ B
admits a Stein neighborhood basis in X, and A\B ∩ B\A = ∅. (To prove
an effective version of theorem 1.1 in which the CAP axiom is used only
for maps from Euclidean spaces of dimension ≤ dimX + dimY to Y , we
must assume in addition that C is Runge in A.) The solution of this local
problem is obtained in three steps as in §3 of [13].
Step 1: We denote by f0 : X → Y a map which is holomorphic on the set
A obtained in the earlier steps of the process. Write F0(x) = (x, f0(x)) ∈
X × Y . We find a small ball 0 ∈ D ⊂ Cp (p = dimY ) and a holomorphic
map f : A ×D → Y such that f(· , 0) = f0, f(x, t) = f0(x) for all x ∈ X0
and t ∈ D, and the partial differential ∂tf(x, t) : TtC
r → Tf(x,t)Y in the
t variable is surjective for x in a neighborhood of C = A ∩ B and t ∈ D
(Lemma 3.2 in [13]). Such f is found by choosing holomorphic vector fields
ξ1, . . . , ξp in a Stein neighborhood of F0(A) in Z = X × Y which are tanget
the fibers Y , they vanish on the intersection of their domains with X0 × Y
and span the vertical tangent bundle over a neighborhood of F0(C). The
flow θjt of ξj exists for sufficiently small t ∈ C, and the map
F (x, t1, . . . , tp) = (x, f(x, t)) = θ
1
t1
◦ · · · ◦ θptp ◦ F0(x) ∈ X × Y
satisfies the stated requirements.
Step 2: We approximate the holomorphic map f from Step 1 uniformly
on a neighborhood of the compact convex set C × D by a map g which
is holomorphic in an open neighborhood of B × D. This is possible since
C is a compact convex set in Cn (n = dimX) with respect to some local
holomorphic coordinates in a neighborhood of B in X; hence C × D may
be considered as a compact convex set in Cn+p and g exists by the CAP
property of Y . (In [13], Definition 1.1, we used a more technical version
of CAP which required approximability only on special compact convex
sets with the purpose of making it easier to verify. However, by the main
result of [13] this more restrictive definition implies the Oka property with
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approximation, hence in particular the approximability of holomorphic maps
K → Y on any compact convex set K ⊂ Cm by entire maps Cm → Y .)
Step 3: We ‘glue’ f and g into a holomorphic map f ′ : (A ∪B)×D → Y
which approximates f uniformly on A ×D and agrees with it over X0. (A
small shrinking of the domain is necessary.) This is done by finding a fiber-
wise biholomorphic transition map γ(x, t) which is close to (x, t)→ t and sat-
isfies f(x, t) = g(x, γ(x, t)) on C ×D, splitting it in the form γx = γ(x, · ) =
βx ◦α
−1
x (x ∈ C) where α is holomorphic on A×D and β is holomorphic on
B×D (Lemma 2.1 in [13]), and taking f ′(x, t) = f(x, α(x, t)) = g(x, β(x, t)).
The map f ′0 = f
′(· , 0): A∪B → Y is holomorphic on A∪B, it approximates
f0 uniformly on A and agrees with f0 on X0 (the last observation follows
from the construction of f). The construction also gives a homotopy with
the required properties from f0 to f
′
0. (We can also obtain f
′
0 by applying
Proposition 5.2 in [15] which is available in the parametric case; this can be
used in the proof of the parametric analogue of theorem 1.1.)
This explains the noncritical case in which we are not passing any non-
smooth boundary points of bDt. The number of steps needed to reach Dt1
from Dt0 does not depend on the partial solutions obtained in the interme-
diate steps.
It remains to consider the critical values t ∈ [0, 1] for which bDt has a
nonsmooth point in Ω. The defining equation of Dt ∩ Ω can be written as
Dt ∩ Ω = {x ∈ Ω: h(x)
def
=
τ(x)
τ(x)− ρ(x)
≤ t},
and the equation for critical points dh = 0 is equivalent to
(τ − ρ)dτ − τ(dτ − dρ) = τdρ− ρdτ = 0.
A generic choice of ρ and τ insures that there are at most finitely many
solutions in Ω and no solution on bΩ; furthermore, these solutions lie on
distinct level sets of h. At each critical point of h the complex Hessians
satisfy (τ −ρ)2Hh = τHρ−ρHτ . Since τ > 0 and −ρ > 0 on Ω, we conclude
that Hh > 0 at such points, i.e., h is strongly plurisubharmonic near its
critical point in Ω. (See [10] for more details.)
A method for passing the isolated critical points of h was explained in
§6.2–§6.4 of [10] for submersions X → Cq. In §6 of [12] this method was
adapted to holomorphic maps to any complex manifold Y ; we include a
brief description. Assume that f : X → Y is holomorphic on a certain
sublevel set A = Dt0 of h just below a critical level t1. We attach to A
a totally real handle E ⊂ Ω\X0 containing the critical (nonsmooth) point
p ∈ bDt1 which describes the change of topology of Dt as t passes t1. By
theorem 3.2 in [12] the map f |A∪E can be uniformly approximated by a map
which is holomorphic in an open neighborhood of A ∪ E and agrees with
f on X0. Finally, by the method explained in §6.4 of [10] we can proceed
by the noncritical case (applied with a different strongly plurisubharmonic
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function constructed especially for this purpose) to a sublevel set Dt2 above
the critical level (t2 > t1). Now we can proceed to the next critical value of
h.
This completes the proof of theorem 1.1 for maps X → Y . The same
proof applies to sections of holomorphic fiber bundles with fiber Y over a
Stein manifold X because the use of CAP can be localized to small subsets
in X over which the bundle is trivial (compare with [13]).
5. Proof of proposition 1.2
Let Y be a complex manifold satisfying the conclusion of theorem 1.1 for
closed complex submanifolds in Stein manifolds. Let X be a Stein manifold,
K ⊂ X a compact H(X)-convex subset, X0 a closed complex subvariety of
X and f : X → Y a continuous map which is holomorphic in an open set
U0 ⊂ X containing K ∪X0.
The setK∪X0 has a basis of open Stein neighborhoods inX and hence we
may assume (by shrinking U0 if necessary) that U0 is Stein. Choose a proper
holomorphic embedding φ : U0 → C
r; its graph Σ = {(x, φ(x)) : x ∈ U0} is a
closed complex submanifold of the Stein manifold M = X × Cr. The map
g0 : M → Y , g0(x, z) = f0(x) (x ∈ X, z ∈ C
r), is continuous on M and
holomorphic on the open set U0 × C
r ⊂M containing Σ.
By the assumption on Y there is a homotopy gt : M → Y (t ∈ [0, 1])
which is fixed on the submanifold Σ and such that g1 is holomorphic on
M . For later purposes we also need that gt be holomorphic in an open
neighborhood V ⊂ X × Y (independent of t ∈ [0, 1]) of Σ. Since both g0
and g1 are holomorphic near Σ, this can be accomplished (without changing
g0 and g1) by a simple modification of the homotopy gt, using a strong
holomorphic deformation retraction of a neighborhood of Σ in M onto Σ
(such exists by combining Siu’s theorem [33], [6] with the Docquier-Grauert
theorem [7]; see Corollary 1 in [33]).
To complete the proof we shall need the following (known) result which
follows from Cartan’s theorems A and B (see lemma 8.1 in [16] for a reduc-
tion to the Oka-Weil approximation theorem).
Lemma 5.1. Let X be a Stein manifold, L ⊂ X a compact H(X)-convex
subset and X0 ⊂ X a closed complex subvariety. Let φ be a holomorphic
function in an open set containing L ∪ X0. For every s ∈ N and η > 0
there exists ϕ ∈ H(X) such that ϕ − φ vanished to order s on X0 and
supx∈L |ϕ(x)− φ(x)| < η.
We apply this lemma to the embedding φ : U → Cr and a compact set
L ⊂ U0 with K ⊂ IntL. Denote the resulting map by ϕ : X → C
r. Consider
the homotopy ft : X → Y defined by ft(x) = gt(x, ϕ(x)) for x ∈ X and
t ∈ [0, 1]. At t = 0 we get the initial map f0(x) = g0(x, ϕ(x)), and at t = 1
we get a map f1(x) = g1(x, ϕ(x)) which is holomorphic on X. There is a
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small open neighborhood U ⊂ U0 of K ∪ X0 such that (x, ϕ(x)) ∈ V for
x ∈ U ; since gt is holomorphic on V , we see that ft is holomorphic on U . It
is easily verified that for every t ∈ [0, 1], ft agrees with f0 to order s along
X0, and it approximates f0 uniformly on K as well as desired provided that
the number η in lemma5.1 is chosen sufficiently small. Thus ft satisfies the
conclusion of proposition 1.2.
All steps go through in the parametric case and give the corresponding
parametric analogue of proposition 1.2.
Remark 5.2. The analogoue of proposition 1.2 holds for sections of fiber
bundles with fiber Y over Stein manifolds: interpolation implies jet inter-
polation and approximation. To see this, assume that π : E → X is such
a bundle, X0 is a closed complex subvariety of X and K is a compact
H(X)-convex subset of X. Let f0 : X → E be a continuous section which is
holomorphic in an open Stein neighborhood U ⊂ X of K∪X0. As before we
embed U to Cr and denote the graph of the embedding by Σ ⊂M = X×Cr.
Let p∗E →M be the pull-back of E by the projection p : M → X; this bun-
dle has the same fiber Y and there is a natural map θ : p∗E → E covering p
which is isomorphism on the fibers. The section f0 pulls back to a section
h0 : M → p
∗E satisfying θ(h0(x, y)) = f0(x). Note that h0 is holomor-
phic on U ′ = p−1(U) = U × Cr. By the hypothesis there is a homotopy
ht : M → p
∗E which is fixed on Σ such that h1 is holomorphic. Choosing
ϕ : X → Cr as before we obtain a homotopy ft(x) = θ(ht(x, ϕ(x))) ∈ Ex
(x ∈ X) satisfying the desired conclusion.
Remark 5.3. La´russon proved that for a Stein manifold, the basic Oka
property with interpolation implies ellipticity, i.e., existence of a dominating
spray (Theorem 2 in [29]). This also follows from proposition 1.2 and the
known result that ellipticity of a Stein manifold is implied by second order
jet interpolation ([21]; proposition 1.2 in [17]).
6. Equivalences between the parametric Oka properties
In this section we discuss the parametric analogue of corollary 1.3.
Let P be a compact Hausdorff space (the parameter space) and P0 ⊂ P
a closed subset of P which is a strong deformation retract of some open
neighborhood of P0 in P . In most applications P is a polyhedron and P0 a
subpolyhedron; an important special case is P0 = {0, 1} ⊂ [0, 1] = P .
Given a Stein manifold X and a compact H(X)-convex subset K in X we
consider continuous maps f : X×P → Y such that for every p ∈ P the map
fp = f(· , p) : X → Y is holomorphic in an open neighborhood of K in X
(independent of p ∈ P ), and for every p ∈ P0 the map f
p is holomorphic on
X. We say that Y satisfies the parametric Oka property with approximation
if for every such data (X,K,P, P0, f) there is a homotopy ft : X × P → Y
(t ∈ [0, 1]) consisting of maps satisfying the same properties as f0 = f such
that
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(i) the homotopy is fixed on P0: f
p
t = f
p
0 when p ∈ P0 and t ∈ [0, 1],
(ii) ft approximates f0 uniformly on K × P for all t ∈ [0, 1], and
(iii) fp1 : X → Y is holomorphic for every p ∈ P .
We say that Y satisfies the parametric convex approximation property
(PCAP) if the above holds for any compact convex set K ⊂ X = Cn, n ∈ N.
Similarly, Y satisfies the parametric Oka property with interpolation if for
any closed complex subvariety X0 in a Stein manifold X and continuous
map f : X × P → Y such that fp|X0 is holomorphic for all p ∈ P and
fp is holomorphic on X for p ∈ P0 there is a homotopy ft : X × P → Y
(t ∈ [0, 1]), with f0 = f , which satisfies (i) and (iii) above together with the
interpolation condition
(ii’) fpt (x) = f
p
0 (x) for x ∈ X0, p ∈ P and t ∈ [0, 1].
Similarly one introduces the parametric Oka property with jet interpola-
tion on subvarieties X0 ⊂ X. Combining it with approximation on H(X)-
convex sets one obtains the parametric Oka property with jet interpolation
and approximation which coincides with Gromov’s Ell∞ property ([21], §3.1).
By Theorem 1.5 in [16] and Theorem 1.4 in [17] all these properties are im-
plied by ellipticity of Y (the existence of a dominating spray), and also by
subellipticity of Y [9]. In analogy to the non-parametric case (corollary 1.3)
these ostensibly different properties are equivalent.
Theorem 6.1. The following properties of a complex manifold are equiva-
lent:
(a) the parametric convex approximation property (PCAP);
(b) the parametric Oka property with approximation;
(c) the parametric Oka property with interpolation;
(d) the parametric Oka property with jet interpolation and approxima-
tion, i.e., Gromov’s Ell∞ property ([21], §3.1).
Proof. The logic of proof is the same as in corollary 1.3: (a)⇔(b) is The-
orem 5.1 in [13], (a)⇒(c) is the parametric version of theorem 1.1 in this
paper, and (c)⇒(d) is the parametric version of proposition 1.2. The re-
maining implications are consequences of definitions and of Proposition 1.2
in [17] concerning the holomorphic extendability of holomorphic maps from
a subvariety X0 ⊂ X to an open neighborhood of X0 in X. The implication
(c)⇒(b) was first proved by La´russon [29].
To obtain these implications in the parametric case it suffices to observe
that theorem 1.1 and proposition 1.2 remain valid in this more general situ-
ation as we have already indicated at the appropriate places in their proofs.
The reader who may be interested in further details should consult the proof
of the parametric Oka property with approximation for elliptic manifolds in
[15] (Theorems 1.4 and 5.5).
The following observation might be helpful concerning the use of theorem
2.1 (the existence of Stein neighborhoods) in the proof of (a)⇒(c) in theorem
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6.1. In the proof of proposition 4.1 (§4) we needed a Stein neighborhood
U ⊂ X×Y of the graph of a holomorphic map K ∪X0 → Y . It may appear
that one needs a stronger theorem in the parametric case (a family of Stein
neighborhoods depending continuously on the parameter p ∈ P ). This is
unnecessary because the graphs of maps fp over the set K ′ = K ∪ (L ∩X0)
in the proof of proposition 4.1 belong to the same Stein set U for p ∈ P close
to some initial point p0 for which U was chosen. Finitely many such Stein
open sets in X × Y cover the graph of f : X × P → Y over the compact set
K ′ × P ; the solutions in each of these Stein neighborhoods (for an open set
of parameters in P ) are patched together by a continuous partition of unity
in the parameter space (see the proof of Theorem 5.5 in [15]). 
A continuous map satisfying the homotopy lifting property is called a
Serre fibration [34], p. 8. A holomorphic submersion π : Y → Y0 is said to
be subelliptic if every point y0 ∈ Y0 has an open neighborhood U ⊂ Y0 such
that π : π−1(U) → U admits a finite fiber-dominating family of sprays ([9],
p. 529); for a holomorphic fiber bundle this is equivalent to subellipticity
of the fiber. Theorem 6.1 together with the parametric version of Theorem
1.3 in [13] (see the discussion following Theorem 5.1 in [13]) we obtain the
following.
Corollary 6.2. Suppose that π : Y → Y0 is a subelliptic submersion which
is also a Serre fibration. If Y0 satisfies any (and hence all) of the properties
in theorem 6.1 then so does Y . Conversely, if π is surjective and Y satisfies
any of these properties with a contractible parameter space P then so does
Y0.
A concluding remark. Our results suggest that CAP (and its parametric
analogue) is the most natural Oka-type property to be studied further since
it is the simplest to verify, yet equivalent to all other Oka properties. Indeed
CAP is just the localization of the Oka property with approximation to maps
from compact convex sets in Eulidean spaces (see [14] for this point of view).
CAP easily follows from ellipticity or subellipticity, and is a natural opposite
property to Kobayashi-Eisenman-Brody hyperbolicity [1], [8], [26]. It is
also related to dominability by Euclidean spaces, a property that has been
extensively studied [2], [3], [27], [28]. It would be interesting to know how
big (if any) is the gap between CAP and (sub)ellipticity. Several related
questions are mentioned in [11] and [14].
Acknowledgement. I thank F. La´russon for useful discussions; in partic-
ular, the proof of proposition 1.2 is motivated by Theorem 1 in his recent
preprint [29]. I also thank B. Drinovec-Drnovsˇek from whom I have learned
the geometric scheme (pushing out by a convex combination of two plurisub-
harmonic functions) used in the proof of proposition 4.1 and in [10], p. 179,
and J. Prezelj-Perman for pointing out an inaccuracy in an earlier version
of the paper. Finally, I thank M. Colt¸oiu for pointing out the references [4],
EXTENDING HOLOMORPHIC MAPPINGS 15
[5] and [31] in connection with theorem 2.1, and C. Laurent Thie´baut for
the translation of the abstract in French.
References
1. BRODY, R., Compact manifolds and hyperbolicity. Trans. Amer. Math. Soc., 235
(1978), 213–219.
2. BUZZARD, G., LU, S. S. Y., Algebraic surfaces holomorphically dominable by C2.
Invent. Math., 139 (2000), 617–659.
3. CARLSON, J., GRIFFITHS, P., A defect relation for equidimensional holomorphic
mappings between algebraic varieties. Ann. Math., (2) 95 (1972), 557–584.
4. COLT¸OIU, M., Complete locally pluripolar sets. J. Reine Angew. Math., 412 (1990),
108–112.
5. COLT¸OIU, M., MIHALACHE, N., On the homology groups of Stein spaces and Runge
pairs. J. Reine Angew. Math., 371 (1986), 216–220.
6. DEMAILLY, J.-P., Cohomology of q-convex spaces in top degrees. Math. Z., 204
(1990), 283–295.
7. DOCQUIER, F., GRAUERT, H., Levisches Problem und Rungescher Satz fu¨r Teilge-
biete Steinscher Mannigfaltigkeiten. Math. Ann., 140 (1960), 94–123.
8. EISENMAN, D., Intrinsic measures on complex manifolds and holomorphic mappings.
Memoirs of the Amer. Math. Soc., 96, American Mathematical Society, Providence,
R.I., 1970.
9. FORSTNERICˇ, F., The Oka principle for sections of subelliptic submersions. Math.
Z., 241 (2002), 527–551.
10. ———– , Noncritical holomorphic functions on Stein manifolds. Acta Math., 191
(2003), 143–189.
11. ———– , The homotopy principle in complex analysis: A survey. (Explorations in
Complex and Riemannian Geometry: A Volume dedicated to Robert E. Greene, J.
Bland, K.-T. Kim, and S. G. Krantz, eds., 73–99), Contemporary Mathematics, 332,
American Mathematical Society, Providence, 2003.
12. ———– , Holomorphic submersions from Stein manifolds. Ann. Inst. Fourier, 54
(2004), no. 6. [arXiv: math.CV/0309093]
13. ———– , Runge approximation on convex sets implies Oka’s property. Preprint, 2004.
[arXiv: math.CV/0402278]
14. ———– , Holomorphic flexibility of complex manifolds. Preprint, 2004.
[arXiv: math.CV/0401439]
15. FORSTNERICˇ, F., PREZELJ, J., Oka’s principle for holomorphic fiber bundles with
sprays. Math. Ann., 317 (2000), 117-154.
16. ———– , Oka’s principle for holomorphic submersions with sprays. Math. Ann., 322
(2002), 633-666.
17. ———– , Extending holomorphic sections from complex subvarieties. Math. Z., 236
(2001), 43–68.
18. GRAUERT, H., Approximationssa¨tze fu¨r holomorphe Funktionen mit Werten in kom-
plexen Ra¨umen. Math. Ann., 133 (1957), 139–159.
19. ———– , Holomorphe Funktionen mit Werten in komplexen Lieschen Gruppen.Math.
Ann., 133 (1957), 450–472.
20. ———– , Analytische Faserungen u¨ber holomorph-vollsta¨ndigen Ra¨umen. Math.
Ann., 135 (1958), 263–273.
21. GROMOV, M., Oka’s principle for holomorphic sections of elliptic bundles. J. Amer.
Math. Soc., 2 (1989), 851-897.
22. GUNNING, R. C., ROSSI, H., Analytic functions of several complex variables.
Prentice–Hall, Englewood Cliffs, 1965.
16 FRANC FORSTNERICˇ
23. HENKIN, G., LEITERER, j., Andreotti-Grauert Theory by Integral Formulas.
Progress in Math., 74, Birkha¨user, Boston, 1988.
24. ———– , The Oka-Grauert principle without induction over the basis dimension.
Math. Ann. 311, 71–93 (1998).
25. HO¨RMANDER, L., An Introduction to Complex Analysis in Several Variables. Third
ed. North Holland, Amsterdam, 1990.
26. KOBAYASHI, S., Intrinsic distances, measures and geometric function theory. Bull.
Amer. Math. Soc. 82 (1976), 357–416.
27. KOBAYASHI, S., OCHIAI, T., Meromorphic mappings onto compact complex spaces
of general type. Invent. Math., 31 (1975), 7–16.
28. KODAIRA, K., Holomorphic mappings of polydiscs into compact complex manifolds.
J. Diff. Geom., 6 (1971/72), 33–46.
29. LA´RUSSON, F., Mapping cylinders and the Oka principle. Preprint, 2004.
[http://www.math.uwo.ca/∼larusson/papers/]
30. NARASIMHAN, R., The Levi problem for complex spaces. Math. Ann., 142 (1961),
355–365.
31. PETERNELL, M., Algebraische Varieta¨ten und q-vollsta¨ndige komplexe Ra¨ume.
Math. Z., 200 (1989), 547–581.
32. RICHBERG, R., Stetige streng pseudoconvexe Funktionen. Math. Ann., 175 (1968),
257–286.
33. SIU, J.-T., Every Stein subvariety admits a Stein neighborhood. Invent. Math., 38
(1976), 89–100.
34. WHITEHEAD, G. W., Elements of Homotopy Theory. Graduate Texts in Math., 61,
Springer-Verlag, 1978.
Institute of Mathematics, Physics and Mechanics, University of Ljubljana,
Jadranska 19, 1000 Ljubljana, Slovenia
E-mail address: franc.forstneric@fmf.uni-lj.si
